We find exact finite temperature solutions to d = 5 Einstein-dilaton gravity with black branes and a Randall-Sundrum 3-brane. We show that there exists a unique generating superpotential for these models. The location of the black brane and the associated Hawking temperature depend on the value of the the 3-brane tension while other parameters are held fixed. The thermodynamics of these solutions are presented, from which we show that the entropy satisfies S < Vol(R 3 )/4G 5 . We demonstrate that in a certain limit the gauge dual of this theory effectively reduces to N = 4 SYM at finite temperature on S 1 × R 3 . arXiv:2001.00038v1 [hep-th] 
I. INTRODUCTION
The gauge/gravity conjecture has provided insights into the phenomenology of large N c , strongly coupled gauge theories at finite temperature [1] [2] [3] . The holographic duality encodes finite temperature properties of d-dimensional gauge theories on S 1 × R d (or S d ) into the thermodynamics of (d + 1)-dimensional gravitational theories. In these non-perturbative regimes, the behavior of the strongly coupled plasma state may be inferred by calculating geometric properties of black brane (hole) solutions in the gravitational dual.
The identification of a gravitational dual to Quantum Chromodynamics (QCD), the standard model, or extensions of the standard model would be a novel application of the conjecture and remains an open problem. A bottom-up approach to realize the holographic construction, known as AdS/QCD [4] [5] [6] , deforms the boundary Conformal Field Theory (CFT) towards QCD by introducing 3-branes in conjunction with additional bulk fields. These "soft wall" AdS/QCD models are used to reproduce certain phenomenological features such as electroweak or chiral symmetry breaking [7] [8] [9] , bulk/shear viscosities [10] [11] [12] [13] , and dynamical confinement [14] .
Recently two of us proposed a dynamical two field model in order to reproduce the scalar glueball mass spectrum determined by lattice calculations at zero temperature [15, 16] . After incorporating backreactions, we found a tachyonic mode in the spectrum. To regulate this mode, we introduced a Randall-Sundrum (RS) 3-brane with nonzero tension which acted as a mode cutoff in the putative dual field theory [17] [18] [19] [20] . The junction conditions at the brane regularized this mode and allowed for a good description of the scalar glueball mass spectrum.
At finite temperature, few extensions to the canonical AdS 5 /CFT 4 program are analytically tractable. A certain subset, referred to as Einstein-dilaton models, permits a single bulk scalar field, making it amenable to analytically extract rich thermodynamic behavior [21] [22] [23] [24] [25] . In these models, the finite temperature supergravity background is often fixed to be SAdS 5 or thermal AdS, and the spectrum of bulk matter is calculated in the absence of backreactions. The aim of this work is to provide an analytically tractable, solvable model which incorporates changes induced by a codimension one 3-brane and a bulk scalar field on the thermodynamics of bulk gravity at finite temperature.
We study Einstein-dilaton gravity with a bulk RS 3-brane situated at the R/Z 2 orbifold fixed point with finite tension. The tension of the codimension one brane combined with the dilaton provides a rich structure. In Sec. II we show that this model is sufficiently constrained to provide a unique generating superpotential. We solve the resulting nonlinear coupled equations of motion exactly in Sec. III. We identify the range of parameters which admit stable black brane formation in Sec. IV. We find the formation of black branes is contingent upon a simple lower bound
where σ > 0 refers to the brane tension, k 2 is proportional to the bulk cosmological constant Λ, G 5 is the bulk gravitational constant. When the bound is satisfied, black branes simultaneously form on either side of the RS 3-brane. When the parameter λ (to be defined later) takes the value 0, the scalar field decouples and the pure Randall-Sundrum model is recovered. When λ = ±1 the scalar field may be identified as a tachyon, and black branes exist only above a certain minimum temperature.
In Sec. V we explore the thermodynamics of these finite temperature solutions. We find that, as long as the RS 3-brane is present, the black brane entropy is bounded above by
The upper bound is saturated only in the limit of a vanishing brane tension, σ → 0. Examples of other systems which have a limiting entropy are recalled in Sec. VI. As shown in Sec. VII, carefully taking the limit of vanishingly small tension and cosmological constant effectively reduces the model to Type IIB string theory on AdS 5 × S 5 of which the conjectured dual field theory is N = 4 SYM on S 1 × R 3 at finite temperature with broken supersymmetry. Our conclusions are presented in Sec. VIII. The results presented in this paper may have applications in holographic QCD, physics beyond the standard model, and models of the early universe.
II. ACTION AND GENERATING SUPERPOTENTIAL
We will study the following 5d Einstein-Hilbert action minimally coupled to a single dimensionless bulk scalar field,
The (negative) cosmological constant is Λ = −6k 2 , 2M 3 = (16πG 5 ) −1 with G 5 being the bulk gravitational constant, and (∂φ)
. Conformal invariance is broken by the scalar field. In addition to the bulk action, we introduce an RS 3-brane Σ with tension σ in the following way. We extend the compactification radius of the S 1 rc /Z 2 orbifold to the real line [17] . The RS 3-brane is then situated at the orbifold fixed point of R/Z 2 , and we expect to recover 4d Poincaré invariance at Σ. Let γ = g Σ be the induced metric; then we work with the boundary action
where S GHY is the Gibbons-Hawking-York boundary term which is required for a well-posed variational principle. Often the background needs to be identified and subtracted in order to render the total action finite. Here the presence of the RS brane provides a natural counterterm which, as noted in [26] , we identify as the surface term responsible for yielding a finite action.
To search for static black brane/thermal solutions, we employ the domain wall ansatz for the bulk metric
Here f (y) is the blackening function whose zero indicates a horizon and A(y) is the warp function.
In these coordinates, Σ is located at y = 0, and junction conditions on A(y) and f (y) will have to be imposed. See Fig. 1 . Note that in the special case where the RS brane is absent and f (y) = 1, this metric arises from considering the near horizon asymptotics of N c coincident D3 branes and is equivalent to a warped AdS 5 with the deep IR located at y → ∞ (see [2, 5, 9, 13, 15] for motivations and references therein). At zero temperature, the RS brane exhibits a Z 2 orbifold symmetry which is expected to be preserved at finite temperature [27] 1 . We search for solutions which respect the orbifold symmetry. A straightforward calculation of the Ricci tensor and the Ricci scalar yields
where the prime notation denotes a derivative with respect to y. The resulting linearly independent equations of motion are
where q ≡ σ/24M 3 . In the Randall-Sundrum model the vacuum solution requires q = k. The first equation may be solved provided that there exists a continuous function B(y) satisfying the 1 In Ref. [28] a perturbative analysis suggested an explicit breaking. However, the equations of motion are not linearly independent as the authors have claimed. Thus their analysis of the orbifold symmetry breaking is suspect. following system of differential equations
The Heaviside functions appear as a consequence of respecting the orbifold symmetry. Moreover, the delta function may be interpreted as a domain wall in the gravitational theory or, equivalently, as a mode cutoff in the putative dual field theory.
In the rest of this work we look for solutions to the following coupled nonlinear differential equations,
where we have eliminated the warp function in favor of B(y). Although we have restricted to y > 0, the deformation y → |y| and q → q Θ(y), where Θ(y) ≡ θ(y) − θ(−y), recovers the orbifold symmetry. We still need to find the junction conditions for these functions on Σ.
A common issue with Einstein-dilaton theories is the internal consistency of the non-linear differential equations. To remedy this issue, we construct the following algorithm which solves the system uniquely up to boundary conditions on the 3-brane.
1. Introduce W (φ) as a superpotential [29, 30] which generates the potential V (φ).
2. Promote the metric function B(y) to B(φ).
Introduce a function
4. Transform the coordinates via du = e aφ(y) dy.
5. Impose consistency on Eqs. (13) and (14) . Superpotential methods are often used to introduce a holographic RG flow from the UV to the IR along the bulk direction and reduce the order of the differential equations [21, 31] . These auxiliary superpotentials are tasked to generate the potential at zero temperature by a first order gradient flow along φ via
where the discontinuity Θ(y) arises from the junction condition [15] . At zero temperature, the superpotential is identified with the metric function B(y). At finite temperature, the situation is more subtle. Though the relation (15) holds at finite temperature since the potential should be temperature independent, the coupling between f and B via Eqs. (12) to (14) breaks the identification between W (φ) and B(φ). In this case, W (φ) ∝ B(φ) with the factor being set by the brane tension σ and the bulk constants Λ and G 5 .
While the superpotential W (φ) uniquely generates the potential V (φ), the function B(φ) reduces the non-linear equation (12) to a first order gradient flow along φ
provided that φ has no critical points in the bulk. A unique solution for the dilaton may be constructed from
We henceforth set the parameter a = 1/ √ 6. This value is determined by the conformal transformation from the string to Einstein frame in order to obtain a canonical kinetic term [14] and separately was found to give rise to linear Regge trajectories in certain AdS/QCD contexts [6, 16] .
Next, note that both Eqs. (13) and (14) are differential equations containing f and f . Steps 3 and 4 of the algorithm reduce to
and
One may ask whether these two equations are consistent with each other. These can be put in the form
Then P 1 = P 1 results in the differential equation
whose only solution is
where D 0 and λ are any real constants. Setting
with solution
We may conclude that expression (24) is the only potential for a single scalar field that admits a black brane. Note however that a constant blackening function f = 1 places no restrictions on the potential because, after multiplication by e 2aφ , Eq. (19) just becomes the derivative with respect to φ of Eq. (18).
The superpotential which generates this V and satisfies the junction condition is
where we used the fact that Θ 2 (y) is continuous at y = 0. It follows that V 0 = 3(λ 2 − 4)k 2 . It also follows that B = q e λaφ − 1 Θ(y) (26) so that W = ωB where ω ≡ k/q.
III. EXACT SOLUTIONS
Using the solutions D(φ) and V (φ) found in the previous section, the functions P (φ) and Q(φ) reduce to constants
Then the differential equation for the blackening function has a simple closed form
The dilaton profile may be obtained from Eq. (17) . The solution in the original y coordinate is
Equipped with the profile φ(y), the functions f , V B, and by extension A, obtain analytic forms in terms of y. Thus we have uniquely solved the system of Eqs. (12) to (14) incorporating the backreactions of the scalar field and the codimension one hypersurface on the background geometry.
In order to facilitate the analysis of the parameter space of solutions, we perform a coordinate transformation dy = e −A(y(z)) dz where
is the solution to Eq. (10). The metric then takes the canonical thermal form with an overall conformal (warp) factor
with the coordinates related by
In these coordinates the functions respecting the orbifold symmetry are
IV. PARAMETER SPACE CONSTRAINTS
We now consider the conditions in which a horizon forms and study the parameter space of finite temperature solutions. Heuristically, λ characterizes the dilaton content while ω parameterizes the metric content of the theory. We will study the parameter space generated by (λ, ω) and illustrate certain extremal values in preparation for a finite temperature analysis.
To constrain λ, note that the dilaton profile contains a logarithmic singularity at finite z when |λ| > 1. To prevent this, the relevant domain which provides nonsingular φ and real V (φ) for all z is given by −1 ≤ λ ≤ 1. Though the edge cases of the parameter domain of λ have to be studied with care, the limits of the functions f, A, φ and V exist and respect the orbifold symmetry.
First, consider the limit λ → 0 when the dilaton decouples
so that only the metric degrees of freedom remain. In this case, we see that the action reduces to an Einstein-Hilbert action with a cosmological constant and a boundary term from the brane tension. This limit will provide useful thermodynamic consistency checks between this spacetime and AdS 5 . Next, we have the limit where λ → ±1
Remarkably, we find that the dilaton reproduces the tachyonic profile considered in Ref. [14] . This should be expected as single field AdS/QCD models with a hard wall have a spectrum of squared masses which grow as m 2 n ∝ n 2 for high excitation number (see Ref. [5] for a novel discussion). Effectively, the 3-brane confines the excitations of the dilaton, analogous to a Schrödinger equation for a particle in a box. To reproduce the linear Regge trajectories found in AdS/QCD models, the relationship A = (a/λ)φ must be broken, which can be done through additional bulk fields or boundaries, modified junction conditions, or in the vacuum limit.
For a tension σ > 0, the first constraint we may impose is ω > 0. The coefficient 1 − ω 2 in Eq. (33) then determines the existence of a black brane. For 0 < ω < 1 (ω > 1), f (z) is a monotonically increasing (decreasing) function with respect to |z|. Hence, for a real solution to f (z h ) = 0 at some |z h | > 0 to exist, the tension must satisfy ω > 1. As a consequence of the orbifold symmetry, when this condition is satisfied, two black branes surrounding the 3-brane form. Alternatively, this bound may be interpreted as the necessary condition 2 for the system to be in equilibrium. Furthermore, one can check that the Kretschmann invariant R abcd R abcd is finite at |z h |. See Figs. 2 and 3 .
The second set of solutions are extremal, i.e., when the tension of the 3-brane is such that q = k. As q → k from below, the horizons H z<0 and H z>0 are pushed to their respective asymptotics, and black brane formation is prohibited when the equality holds. As we will subsequently show, in the extremal case T = 0, and these solutions are similar to AdS in Poincaré coordinates with the Killing horizon replaced with the 3-brane.
Lastly, we remark that solutions with ω < 1 are forbidden as valid thermodynamic solutions. In these cases, f diverges as |z| → ∞. Without a horizon to contain these singularities, these spacetimes are wormhole-like solutions and thus are excluded from our finite temperature study.
V. THERMODYNAMICS
In this section the entropy is calculated from the Bekenstein-Hawking formula with the temperature identified from the periodicity of Euclidean time [32] [33] [34] .
We begin by deriving the Hawking temperature associated with the metric in z coordinates Eq. (31) . We initially focus on theories which are non-tachyonic, i.e., |λ| < 1.
Since ω > 1 in order for black branes to exist, it is convenient to solve f (z h ) = 0, Eq. (33), for z h and relate it to the tension via
where we have used the definition of ω. Note that as q → k from below, the location of the horizons are taken to their respective asymptotics, |z h | → ∞. This justifies the explanation given earlier. Further, note that black brane formation is prohibited in the extremal case ω = 1 since f (z) = 1. From the periodicity in Euclidean time, the Hawking temperature reads
Note that the extremal case q = k precisely corresponds to T = 0 unless the theory has tachyonic scalars, in which a minimum temperature develops at T min = 3k/4π. See Fig. 4 .
The entropy can be found from the Bekenstein-Hawking area law S = Area(H)/4G 5 [33, 34] . For the area of the horizon we have dt = dz = 0. The area is computed from Area(H) = g 3 (z h ) d 3 x, where g 3 is the determinant of the metric for the 3-dimensional space. It is
The entropy density is therefore
Interestingly, the entropy density is bounded from above: 0 ≤ T < ∞ and 0 ≤ s < 8πM 3 . See 
VI. EXAMPLES OF SYSTEMS WITH LIMITED ENTROPY
One may wonder how unusual it is for a system to have a limiting entropy with increasing temperature. It typically happens when two conditions are met: There is a restriction on the allowed phase space, and there is a relevant energy scale apart from the temperature. We will illustrate this with two examples. The first involves a restriction on the allowed energies, and the second involves a restriction on the volume available to a gas of extended particles.
A. Two level system of fermions Consider a system of N noninteracting fermions, each of which can be in a state with zero energy or energy E 0 . The partition function is
The total entropy is
When T /E 0 → ∞, S → N ln 2. This is well known. Since the entropy is the logarithm of the number of available states, and at high temperature the two states are equally occupied, one obtains the ln 2.
Next, consider a gas of massless, noninteracting spin 1 2 fermions (including anti-particles) which have a maximum allowed momentum p 0 . This is analogous to a gas of phonons in a solid. The entropy density is
where the occupation number is n = 1/(e x + 1). When T p 0 the entropy density goes to s → (7π 2 /45)T 3 . When T p 0 it goes to s → p 3 0 (2 ln 2)/(3π 2 ). When bosons are considered instead of fermions, the entropy grows logarithmically as ln(E 0 /T ) and ln(p 0 /T ), respectively. The difference, of course, is the fact that an arbitrary number of bosons can occupy any given quantum state.
B. Excluded volume model of a hadron gas
Another example is a Van der Waals type of excluded volume model for a hadron gas. In one version of the model, the volume occupied by a hadron is approximated by E(p)/ 0 , where E(p) is the energy of the hadron with momentum p and 0 is a constant with units of energy/volume [35, 36] . The equation of state is expressed in parametric form.
The subscript "pt" refers to the pressure, entropy, or energy density of a gas of hadrons treated as point particles. The temperature is obtained from the parameter T * by the formula
It can be readily verified that the thermodynamic identities s = dP/dT and = −P + T s are satisifed.
The temperature T → ∞ at a finite value of T * determined by P pt (T * max ) = 0 . The pressure P is unbounded but the entropy and energy densities have finite upper limits. Consider, for example, a gas of massless bosons and fermions with the equation of state P pt (T * ) = cT 4 * . Then, when the excluded volumes are taken into account, the entropy density is
Thus T * max = ( 0 /c) 1/4 and
On the other hand, when T T * max , the entropy density is unaffected by the excluded volume, and s → 4cT 3 . The reason for an upper limit on the entropy in this excluded volume model is the restriction in coordinate space, not momentum space.
VII. RECOVERING ADS/CFT
In order to make comparison with SAdS 5 black branes, we write the metric in the form
There is no scalar field so λ = 0. The z and r coordinates are related by
In the far IR (z → ∞, r → 0) we identify L = 1/q. The blackening and warp functions become
where the warp function may be identified as an overall conformal factor. The horizon is given by
In the near horizon limit the metric takes the form
The finite temperature AdS/CFT result is obtained by taking the limit ω → 1 with r h held fixed. In a sense this is a low temperature limit because, with L = 1/q → ∞, we have r h /L → πT L → (ω 2 − 1) 1/4 . The AdS/CFT dictionary says that
where N c is the number of colors of the gauge field. Hence the entropy density becomes
which is the canonical result.
VIII. CONCLUSION
In this paper we studied Einstein-dilaton gravity with a bulk Randall-Sundrum 3-brane situated at the R/Z 2 orbifold fixed point. We looked for solutions to the equations of motion which incorporated a black brane, including backreaction of the dilaton field on the metric. A black brane can only form if the potential has a particular functional form. With this potential we discovered exact solutions to the equations of motion. The temperature and entropy density are readily determined from these solutions. The temperature is controlled by varying the tension on the RS 3-brane. It turns out that the entropy has an upper bound given simply by Vol(R 3 )/4G 5 . Examples of other systems which also have a limiting entropy were provided. Typically they require some restriction in the allowed phase space along with a relevant dimensional parameter, apart from the temperature, to provide a scale.
Further lines of inquiry naturally present themselves. Why is it that the functional form of the potential is restricted in order that a black brane can be formed? Formation of a black brane and its associated Hawking temperature and Bekenstein entropy, following from the area law, are the usual means to study such theories. There is no analogous restriction at zero temperature.
Extensions of the model to include more scalar fields, such as glueball and chiral fields, might provide better descriptions of pure Yang-Mills theory and QCD. Extensions to include physics beyond the standard model of particle physics and general relativity might be very relevant to the physics of the early universe.
